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Q1. Find the Laplace Transform of the follow-

ing function: ∫ ∞

0

e−t sin 2t

t
dt

(AKTU 2024-25)
Solution:
We use the standard result:∫ ∞

0

e−at sin bt

t
dt = tan−1

(
b

a

)
Here, a = 1 and b = 2.

⇒
∫ ∞

0

e−t sin 2t

t
dt = tan−1(2)

tan−1(2)

Laplace Transform Watch Now Lecture -01 (Click Here)

Laplace Transform Watch Now Lecture -02 (Click Here)

1

https://youtu.be/BTOZ9U3EEBE?si=JK4IVnxcf74hoBuk
https://youtu.be/tjYGCmddB3o?si=EXf8vO7uJqHzI6lk


Q2. Find the Laplace Transform of the follow-

ing function:

F (t) =
1− cos t

t2

(AKTU 2023-24)
Solution:
We use the standard Laplace Transform:

L
{
1− cos at

t2

}
= tan−1

(a
s

)
Here, a = 1.

⇒ L
{
1− cos t

t2

}
= tan−1

(
1

s

)

tan−1

(
1

s

)
Laplace Transform Watch Now Lecture -01 (Click Here)

Laplace Transform Watch Now Lecture -02 (Click Here)

2

https://youtu.be/BTOZ9U3EEBE?si=JK4IVnxcf74hoBuk
https://youtu.be/tjYGCmddB3o?si=EXf8vO7uJqHzI6lk


Q3. Find the Laplace Transform of the follow-

ing function:

F (t) = e−2t sin3 t

Solution:
First use identity:

sin3 t =
3 sin t− sin 3t

4

So,

F (t) = e−2t · 3 sin t− sin 3t

4

=
3

4
e−2t sin t− 1

4
e−2t sin 3t

Now using:

L{e−at sin bt} =
b

(s+ a)2 + b2

L{F (t)} =
3

4
· 1

(s+ 2)2 + 1
− 1

4
· 3

(s+ 2)2 + 9

3

4[(s+ 2)2 + 1]
− 3

4[(s+ 2)2 + 9]

Laplace Transform Watch Now Lecture -01 (Click Here)

Laplace Transform Watch Now Lecture -02 (Click Here)

3

https://youtu.be/BTOZ9U3EEBE?si=JK4IVnxcf74hoBuk
https://youtu.be/tjYGCmddB3o?si=EXf8vO7uJqHzI6lk


Q4 (a). Find Laplace Transform of f(t) = sin 2t cos 3t

(AKTU 2024-25)
Solution:
Use identity:

sinA cosB =
1

2
[sin(A+B) + sin(A−B)]

sin 2t cos 3t =
1

2
[sin 5t− sin t]

Taking Laplace Transform:

L{sin at} =
a

s2 + a2

L{f(t)} =
1

2

(
5

s2 + 25
− 1

s2 + 1

)
1

2

(
5

s2 + 25
− 1

s2 + 1

)

Laplace Transform Watch Now Lecture -01 (Click Here)

Laplace Transform Watch Now Lecture -02 (Click Here)

4

https://youtu.be/BTOZ9U3EEBE?si=JK4IVnxcf74hoBuk
https://youtu.be/tjYGCmddB3o?si=EXf8vO7uJqHzI6lk


Q4 (b). Find the Laplace transform of

f (t) = t4e2t

(AKTU 2023-24)
Solution:
We use the formula:

L{tn} =
n!

sn+1

and shifting property:

L{eatf(t)} = F (s− a)

First:

L{t4} =
4!

s5
=

24

s5

Now apply shift s → s− 2:

L{t4e2t} =
24

(s− 2)5

24

(s− 2)5

5



Q5. Solve the following differential equation

using Laplace Transform:

y′′′ + 2y′′ − y′ − 2y = 0, y(0) = 1, y′(0) = 2, y′′(0) = 2

(AKTU 2024-25)
Solution:
Taking Laplace Transform of both sides:

L{y′′′}+ 2L{y′′} − L{y′} − 2L{y} = 0

Using formulas:

L{y′} = sY − y(0), L{y′′} = s2Y − sy(0)− y′(0)

L{y′′′} = s3Y − s2y(0)− sy′(0)− y′′(0)

Substitute values:

(s3Y − s2 − 2s− 2) + 2(s2Y − s− 2)− (sY − 1)− 2Y = 0

Simplify:

(s3 + 2s2 − s− 2)Y = s2 + 4s+ 5

Y =
s2 + 4s+ 5

(s3 + 2s2 − s− 2)

Factor denominator:

s3 + 2s2 − s− 2 = (s+ 2)(s2 − 1) = (s+ 2)(s− 1)(s+ 1)

So,

Y =
s2 + 4s+ 5

(s+ 2)(s− 1)(s+ 1)

Using partial fractions:

Y =
A

s+ 2
+

B

s− 1
+

C

s+ 1

Solving:
A = 1, B = 2, C = −1

6



Y =
1

s+ 2
+

2

s− 1
− 1

s+ 1

Taking inverse Laplace:

y(t) = e−2t + 2et − e−t

y(t) = e−2t + 2et − e−t

7



Q6. Use convolution theorem to evaluate:

L−1

[
s2

(s2 + 4)(s2 + 9)

]
(AKTU 2024-25)

Solution:
We write:

s2

(s2 + 4)(s2 + 9)
=

s

s2 + 4
· s

s2 + 9

Now,

L−1

(
s

s2 + a2

)
= cos at

So,

L−1

(
s

s2 + 4

)
= cos 2t, L−1

(
s

s2 + 9

)
= cos 3t

By convolution theorem:

f(t) =

∫ t

0

cos 2u · cos 3(t− u) du

Using identity and simplifying:

f(t) =
1

5
(cos 2t− cos 3t)

1

5
(cos 2t− cos 3t)

8



Q7. Use convolution theorem to find:

L−1

[
1

(s2 + a2)2

]
(AKTU 2023-24)

Solution:

1

(s2 + a2)2
=

1

s2 + a2
· 1

s2 + a2

L−1

(
1

s2 + a2

)
=

1

a
sin at

Using convolution:

f(t) =

∫ t

0

1

a
sin au · 1

a
sin a(t− u) du

=
1

a2

∫ t

0

sin au sin a(t− u) du

Using identity:

sinA sinB =
1

2
[cos(A−B)− cos(A+B)]

After simplification:

f(t) =
1

2a3
(sin at− at cos at)

1

2a3
(sin at− at cos at)

9



Q8. Find inverse Laplace of:

f(s) =
1

s2 + 2s+ 2

(AKTU 2022-23)
Solution:
Complete the square:

s2 + 2s+ 2 = (s+ 1)2 + 1

f(s) =
1

(s+ 1)2 + 1

Using standard result:

L−1

(
1

(s+ a)2 + b2

)
= e−at sin bt

b

Here a = 1, b = 1:

f(t) = e−t sin t

e−t sin t

10



Q9. Using Laplace Transform, solve the differ-

ential equation:

y′′ + 4y′ + 4y = 6e−t, y(0) = −2, y′(0) = 8

(AKTU 2022-23)
Solution:

Taking Laplace Transform on both sides:

L{y′′}+ 4L{y′}+ 4L{y} = 6L{e−t}

Using formulas:
L{y′′} = s2Y − sy(0)− y′(0)

L{y′} = sY − y(0)

L{y} = Y

L{e−t} =
1

s+ 1

Substitute values y(0) = −2, y′(0) = 8:

(s2Y + 2s− 8) + 4(sY + 2) + 4Y =
6

s+ 1

Simplify:

s2Y + 4sY + 4Y + 2s =
6

s+ 1

Y (s2 + 4s+ 4) + 2s =
6

s+ 1

Y (s+ 2)2 =
6

s+ 1
− 2s

Y =
6

(s+ 1)(s+ 2)2
− 2s

(s+ 2)2

Now solve each term separately.
First term:

6

(s+ 1)(s+ 2)2

11



Using partial fractions:

6

(s+ 1)(s+ 2)2
=

6

s+ 1
− 6

s+ 2
− 6

(s+ 2)2

Taking inverse Laplace:

= 6e−t − 6e−2t − 6te−2t

Second term:
2s

(s+ 2)2

Write:
s = (s+ 2)− 2

2s

(s+ 2)2
=

2

s+ 2
− 4

(s+ 2)2

Taking inverse Laplace:

= 2e−2t − 4te−2t

Combine results:

y(t) = (6e−t − 6e−2t − 6te−2t)− (2e−2t − 4te−2t)

y(t) = 6e−t − 8e−2t − 2te−2t

y(t) = 6e−t − 8e−2t − 2te−2t

Laplace Transform Watch Now Lecture -01 (Click Here)

Laplace Transform Watch Now Lecture -02 (Click Here)

12

https://youtu.be/BTOZ9U3EEBE?si=JK4IVnxcf74hoBuk
https://youtu.be/tjYGCmddB3o?si=EXf8vO7uJqHzI6lk
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Q1. Test the convergence of the series
∞∑
n=1

1 · 3 · 5 · · · (2n− 1)

2 · 4 · 6 · · · (2n)
x2n

(AKTU 2024-25)
Solution:
Let

un =
1 · 3 · 5 · · · (2n− 1)

2 · 4 · 6 · · · (2n)
x2n

Using Ratio Test,

lim
n→∞

∣∣∣∣un+1

un

∣∣∣∣
= lim

n→∞

(2n+ 1)

(2n+ 2)
x2

= x2 lim
n→∞

2n+ 1

2n+ 2
= x2

Let
L = x2

For convergence,
L < 1

x2 < 1

|x| < 1

1



Hence the series is:
Convergent for

|x| < 1

Divergent for
|x| > 1

At
x = ±1

the series diverges.

The series converges for |x| < 1

2



Q2. Test for the convergence of the series

1 +
x

2
+

1 · 3
2 · 4

x2 +
1 · 3 · 5
2 · 4 · 6

x3 + · · · , x > 0

(AKTU 2023-24)
Solution:
General term:

un =
1 · 3 · 5 · · · (2n− 1)

2 · 4 · 6 · · · (2n)
xn

Apply Ratio Test:

lim
n→∞

∣∣∣∣un+1

un

∣∣∣∣
= lim

n→∞

2n+ 1

2n+ 2
x

= x

For convergence,
x < 1

Hence:
Convergent for

0 < x < 1

Divergent for
x > 1

At
x = 1

the series diverges.

The series converges for 0 < x < 1

3



Q3. Obtain the Fourier series for the function

f(x) = x2, −π ≤ x ≤ π

(AKTU 2024-25)
Solution:
Since

f(x) = x2

is an even function, therefore
bn = 0

Fourier series:

f(x) =
a0
2

+
∞∑
n=1

an cosnx

Constant term:

a0 =
1

π

∫ π

−π

x2dx

=
2

π

∫ π

0

x2dx

=
2

π

[
x3

3

]π
0

=
2π2

3

a0
2

=
π2

3

Coefficient:

an =
2

π

∫ π

0

x2 cosnx dx

After integration by parts,

an =
4(−1)n

n2

Hence Fourier series is

x2 =
π2

3
+ 4

∞∑
n=1

(−1)n

n2
cosnx

4



x2 =
π2

3
+ 4

∞∑
n=1

(−1)n

n2
cosnx

Putting
x = π

π2 =
π2

3
+ 4

∞∑
n=1

1

n2

Therefore
∞∑
n=1

1

n2
=

π2

6

∞∑
n=1

1

n2
=

π2

6

5



Q4. Discuss the convergence of the sequence

un = sin

(
1

n

)
(AKTU 2022-23)

Solution:
Given sequence:

un = sin

(
1

n

)
As

n → ∞

1

n
→ 0

Therefore,

un = sin

(
1

n

)
→ sin 0

= 0

Hence
lim
n→∞

un = 0

Therefore the sequence is convergent and its limit is

0

The sequence is convergent

Q5. Test the convergence of the series

1

1 · 2 · 3
+

x

4 · 5 · 6
+

x2

7 · 8 · 9
+ · · ·

(AKTU 2024-25)
Solution:

6



The general term is

un =
xn−1

(3n− 2)(3n− 1)(3n)

Using Ratio Test,

lim
n→∞

∣∣∣∣un+1

un

∣∣∣∣
= lim

n→∞
|x| (3n− 2)(3n− 1)(3n)

(3n+ 1)(3n+ 2)(3n+ 3)

= |x|

For convergence,
|x| < 1

Hence the series is convergent for

|x| < 1

and divergent for
|x| > 1

At
|x| = 1

the terms behave like
1

n3

which is convergent.
Hence,

The series converges for |x| ≤ 1

7



Q6. Test for the convergence of the series

1 +
2

5
x+

6

9
x2 +

14

17
x3 + · · ·

(AKTU 2023-24)
Solution:
The pattern gives

un =
2n − 2

2n + 1
xn−1, n ≥ 1

Using Ratio Test,

lim
n→∞

∣∣∣∣un+1

un

∣∣∣∣
= lim

n→∞

∣∣∣∣2n+1 − 2

2n+1 + 1
· 2

n + 1

2n − 2

∣∣∣∣ |x|
= |x|

For convergence,
|x| < 1

Hence the series converges for

|x| < 1

and diverges for
|x| > 1

At
x = ±1

the terms do not tend to zero, therefore divergent.

The series converges for |x| < 1

8



Q7. Find the half range Fourier sine series of

f(x) =

{
x, 0 < x < 2

4− x, 2 < x < 4

(AKTU 2023-24)
Solution:
For half range sine series in

0 < x < 4

f(x) =
∞∑
n=1

bn sin
nπx

4

where

bn =
2

4

∫ 4

0

f(x) sin
nπx

4
dx

bn =
1

2

[∫ 2

0

x sin
nπx

4
dx+

∫ 4

2

(4− x) sin
nπx

4
dx

]
After integration,

bn =
8

n2π2
sin

nπ

2

Hence the half range sine series is

f(x) =
∞∑
n=1

8

n2π2
sin

nπ

2
sin

nπx

4

f(x) =
∞∑
n=1

8

n2π2
sin

nπ

2
sin

nπx

4

9



Q8. Discuss the convergence of the sequence

an =

1, if n = 2p for some p ∈ N
1

n
, otherwise

(AKTU 2024-25)
Solution:
For values

n = 2p

we have
an = 1

Thus the subsequence
a2p = 1

Therefore,
lim
p→∞

a2p = 1

For all other values,

an =
1

n

Hence,

lim
n→∞

1

n
= 0

Thus another subsequence tends to

0

Since two subsequences have different limits,

1 ̸= 0

therefore the sequence has no unique limit.
Hence,

The sequence is divergent

10
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Q1. Show that the function

f(z) =


x3y5(x+ iy)

x6 + y10
, z ̸= 0

0, z = 0

is not analytic at the origin even though it satisfies Cauchy-Riemann equa-
tions at the origin. (AKTU 2022-23)

Solution:
Let

f(z) = u+ iv

Then

u(x, y) =
x4y5

x6 + y10
, v(x, y) =

x3y6

x6 + y10

At origin,
u(0, 0) = 0, v(0, 0) = 0

Now,
∂u

∂x
(0, 0) = lim

h→0

u(h, 0)− u(0, 0)

h
= 0

∂u

∂y
(0, 0) = lim

h→0

u(0, h)− u(0, 0)

h
= 0

∂v

∂x
(0, 0) = 0,

∂v

∂y
(0, 0) = 0

Hence,
∂u

∂x
=

∂v

∂y
= 0

1



and
∂u

∂y
= −∂v

∂x
= 0

Therefore Cauchy-Riemann equations are satisfied at the origin.
Now examine derivative:

f ′(0) = lim
z→0

f(z)− f(0)

z

Take path
y = x3/5

Then
y10 = x6

Hence
f(z)

z
=

x3y5

x6 + y10
=

x3x3

x6 + x6
=

1

2

But along
y = 0

f(z)

z
= 0

Since the limit depends on path, derivative does not exist.
Hence

The function is not analytic at the origin

2



Q2. Show that

u =
1

2
log(x2 + y2)

is harmonic. Find its harmonic conjugate. (AKTU
2023-24)

Solution:
Given

u =
1

2
log(x2 + y2)

First derivatives:
ux =

x

x2 + y2

uy =
y

x2 + y2

Second derivatives:

uxx =
y2 − x2

(x2 + y2)2

uyy =
x2 − y2

(x2 + y2)2

Therefore,
uxx + uyy = 0

Hence
u is harmonic

Using Cauchy-Riemann equations:

vy = ux =
x

x2 + y2

Integrating w.r.t. y,

v = tan−1
(y
x

)
+ ϕ(x)

Also,

−vx = uy =
y

x2 + y2

which gives
ϕ′(x) = 0

3



Thus,

v = tan−1
(y
x

)
Hence harmonic conjugate is

v = tan−1
(y
x

)

4



Q3. Show that

f(z) = z|z|

is nowhere analytic. (AKTU
2024-25)

Solution:
Let

z = x+ iy

Then
|z| =

√
x2 + y2

Hence
f(z) = (x+ iy)

√
x2 + y2

So,
u = x

√
x2 + y2

v = y
√
x2 + y2

Now,

ux =
2x2 + y2√
x2 + y2

vy =
x2 + 2y2√
x2 + y2

For Cauchy-Riemann equations,

ux = vy

This gives
2x2 + y2 = x2 + 2y2

x2 = y2

which is not true for all points.
Hence Cauchy-Riemann equations are not satisfied anywhere.
Therefore

f(z) = z|z| is nowhere analytic

5



Q4. Show that

u = ex(x cos y − y sin y)

is harmonic and find analytic function whose imaginary part is u. (AKTU
2024-25)

Solution:
Given

u = ex(x cos y − y sin y)

Observe that
z = x+ iy

and
zez = (x+ iy)ex(cos y + i sin y)

Expanding,

zez = ex[(x cos y − y sin y) + i(x sin y + y cos y)]

Therefore,
u = ex(x cos y − y sin y)

is the real part of
zez

Hence u is harmonic.
So the harmonic conjugate is

v = ex(x sin y + y cos y)

Therefore analytic function is

f(z) = u+ iv = zez

If u is taken as imaginary part, then required analytic function is

f(z) = i zez + C

Hence
f(z) = i zez + C

6



Q5. Determine an analytic function f (z) = u +

iv whose real part is

u(x, y) = ex(x cos y − y sin y)

and
f(1) = e

(AKTU 2022-23)
Solution:
Given

u(x, y) = ex(x cos y − y sin y)

Observe that
z = x+ iy

and
zez = (x+ iy)ex(cos y + i sin y)

Expanding,

zez = ex
[
(x cos y − y sin y) + i(x sin y + y cos y)

]
Hence

u = ex(x cos y − y sin y)

is the real part of
zez

Therefore,
f(z) = zez + C

Now use
f(1) = e

1 · e1 + C = e

e+ C = e

C = 0

Hence the required analytic function is

f(z) = zez

7



Q6. Show that

u = ex(x cos y − y sin y)

is harmonic and find the analytic function for which it is imaginary part.
(AKTU 2023-24)

Solution:
Given

u = ex(x cos y − y sin y)

Since
zez = ex

[
(x cos y − y sin y) + i(x sin y + y cos y)

]
we note that

u = ex(x cos y − y sin y)

is harmonic because it is a part of an analytic function.
Now if u is the imaginary part, then required analytic function is

f(z) = i zez + C

because multiplying by i interchanges real and imaginary parts.
Hence the required analytic function is

f(z) = i zez + C

8



Q7. Find the bilinear transformation which

maps

z = 0,−1, i

onto
w = i, 0,∞

Also find the image of the unit circle |z| = 1. (AKTU
2023-24)

Solution:
Let

w =
az + b

cz + d

Since
z = i 7→ w = ∞

therefore
ci+ d = 0

So
d = −ci

Hence

w =
az + b

c(z − i)

Since
z = −1 7→ w = 0

we get
−a+ b = 0

b = a

Thus

w =
a(z + 1)

c(z − i)

Since
z = 0 7→ w = i

i =
a

−ci

9



i =
ai

c

a = c

Hence transformation is

w =
z + 1

z − i

For image of unit circle
|z| = 1

Let inverse transformation:

z =
iw + 1

w − 1

Substitute in
|z| = 1∣∣∣∣iw + 1

w − 1

∣∣∣∣ = 1

|iw + 1| = |w − 1|

This simplifies to
ℜ(w) = 0

Hence image is imaginary axis.

Image of |z| = 1 is the imaginary axis

10



Q8. Define analytic function and show that

f(z) = z|z|

is not analytic anywhere. (AKTU 2023-
24)

Solution:
A function f(z) is said to be analytic at a point if its derivative exists at

that point and in its neighbourhood.
Given

f(z) = z|z|

Let
z = x+ iy

Then
|z| =

√
x2 + y2

Therefore
f(z) = (x+ iy)

√
x2 + y2

So,
u = x

√
x2 + y2

v = y
√
x2 + y2

Now,

ux =
2x2 + y2√
x2 + y2

vy =
x2 + 2y2√
x2 + y2

For analyticity,
ux = vy

which gives
2x2 + y2 = x2 + 2y2

x2 = y2

This is not true for all points.

11



Hence Cauchy-Riemann equations are not satisfied everywhere.
Therefore,

f(z) = z|z| is nowhere analytic

12
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Q1. Evaluate the integral using Cauchy Inte-

gral Formula ∫
C

4− 3z

z(z − 1)(z − 2)
dz

where C is the circle

|z| = 3

2

(AKTU 2022-24)
Solution:
The singularities are at

z = 0, 1, 2

Inside the circle

|z| = 3

2

the points
z = 0, 1

lie inside and
z = 2

lies outside.
Using partial fractions,

4− 3z

z(z − 1)(z − 2)
=

2

z
− 1

z − 1
− 1

z − 2

1



Hence ∫
C

4− 3z

z(z − 1)(z − 2)
dz =

∫
C

(
2

z
− 1

z − 1
− 1

z − 2

)
dz

By Cauchy Integral Formula,∫
C

1

z − a
dz = 2πi

for poles inside C.
Therefore

= 2(2πi)− 1(2πi)− 0

= 2πi

Hence,
2πi

2



Q2. Evaluate using Cauchy Integral Formula∮
C

sin 2z

(z + 3)(z + 1)2
dz

where C is rectangle with vertices

3± i, −2± i

(AKTU 2023-24)
Solution:
The singularities are at

z = −3, −1

The rectangle contains
z = −1

only.
Write

sin 2z

(z + 3)(z + 1)2
=

ϕ(z)

(z + 1)2

where

ϕ(z) =
sin 2z

z + 3

Using Cauchy Integral Formula for derivative,∮
C

ϕ(z)

(z − a)2
dz = 2πi ϕ′(a)

Here
a = −1

So
I = 2πi ϕ′(−1)

Now

ϕ(z) =
sin 2z

z + 3

Differentiate:

ϕ′(z) =
2 cos 2z(z + 3)− sin 2z

(z + 3)2

At
z = −1

3



ϕ′(−1) =
4 cos 2 + sin 2

4

Therefore

I = 2πi

(
4 cos 2 + sin 2

4

)
πi

2
(4 cos 2 + sin 2)

4



Q3. Expand

f(z) =
7z − 3

z3 − z2 − 2z

in the regions:

(i) 0 < |z| < 1, (ii) 1 < |z| < 2, (iii) 2 < |z| < 3

(AKTU 2022-23)
Solution:
Factor denominator:

z3 − z2 − 2z = z(z − 2)(z + 1)

So
7z − 3

z(z − 2)(z + 1)
=

3

2z
+

11

6(z − 2)
− 1

3(z + 1)

Thus

f(z) =
3

2z
+

11

6(z − 2)
− 1

3(z + 1)

(i) For 0 < |z| < 1

1

z − 2
= −1

2

(
1 +

z

2
+

z2

22
+ · · ·

)
1

z + 1
= 1− z + z2 − z3 + · · ·

Hence

f(z) =
3

2z
− 11

12

(
1 +

z

2
+

z2

4
+ · · ·

)
− 1

3
(1− z + z2 − · · · )

(ii) For 1 < |z| < 2

1

z + 1
=

1

z

(
1− 1

z
+

1

z2
− · · ·

)
1

z − 2
= −1

2

(
1 +

z

2
+

z2

4
+ · · ·

)

5



Hence

f(z) =
3

2z
+

11

6(z − 2)
− 1

3

(
1

z
− 1

z2
+

1

z3
− · · ·

)
(iii) For 2 < |z| < 3

1

z − 2
=

1

z

(
1 +

2

z
+

22

z2
+ · · ·

)
1

z + 1
=

1

z

(
1− 1

z
+

1

z2
− · · ·

)
Hence

f(z) =
3

2z
+

11

6

(
1

z
+

2

z2
+

4

z3
+ · · ·

)
− 1

3

(
1

z
− 1

z2
+

1

z3
− · · ·

)

6



Q4. Classify the singularity of

f(z) =
e1/z

z

(AKTU 2022-23)
Solution:
Expand

e1/z = 1 +
1

z
+

1

2!z2
+

1

3!z3
+ · · ·

Multiplying by
1

z
we get

f(z) =
1

z
+

1

z2
+

1

2!z3
+

1

3!z4
+ · · ·

The Laurent series contains infinitely many negative powers of z.
Hence the singularity at

z = 0

is an essential singularity.

The singularity at z = 0 is essential

Q65. State Cauchy’s Integral Theorem and

verify it for

f(z) = eiz

integrated along the boundary of the rectangle with vertices

1− i, 1 + i, −1 + i, −1− i

in counterclockwise direction. (AKTU 2024-25)
Solution:
Cauchy’s Integral Theorem:
If a function f(z) is analytic inside and on a simple closed contour C,

then ∮
C

f(z) dz = 0

7



Given
f(z) = eiz

Since exponential function is analytic everywhere, therefore

eiz

is analytic inside and on the rectangle.
Hence by Cauchy’s Integral Theorem,∮

C

eiz dz = 0

Therefore, ∮
C

eiz dz = 0

Hence Cauchy’s theorem is verified.

8



Q66. Evaluate ∫
C

ez

(z − 1)(z − 4)
dz

where C is the circle
|z| = 2

using Cauchy’s integral formula. (AKTU 2023-24)
Solution:
The singularities are at

z = 1, 4

Inside the circle
|z| = 2

only
z = 1

lies inside.
Write

ez

(z − 1)(z − 4)
=

ϕ(z)

z − 1

where

ϕ(z) =
ez

z − 4

By Cauchy’s Integral Formula,∮
C

ϕ(z)

z − a
dz = 2πi ϕ(a)

Here
a = 1

Therefore
I = 2πi ϕ(1)

= 2πi

(
e

1− 4

)
= −2πie

3

9



Hence,

−2πie

3

10



Q67. Use contour integration to evaluate∫ 2π

0

cos 2θ

5 + 4 cos θ
dθ

(AKTU 2023-24)
Solution:
Put

z = eiθ

Then

cos θ =
1

2

(
z +

1

z

)
and

dθ =
dz

iz
Also,

cos 2θ =
1

2

(
z2 +

1

z2

)
Substituting,

I =

∮
C

1
2

(
z2 + 1

z2

)
5 + 2

(
z + 1

z

) dz
iz

After simplification,

I =
1

2i

∮
C

z4 + 1

z2(2z2 + 5z + 2)
dz

Factor:
2z2 + 5z + 2 = (2z + 1)(z + 2)

Poles inside |z| = 1 are

z = 0, z = −1

2

Sum of residues gives

Resz=0 +Resz=−1/2 =
1

3
i

Therefore

I = 2πi

(
1

3
i

)
11



=
2π

3

Hence,
2π

3

12



Q68. Evaluate using contour integration∫
C

12z − 7

(z − 1)2(2z + 3)
dz

where C is the circle
|z| = 2

(AKTU 2024-25)
Solution:
The singularities are at

z = 1, z = −3

2

Both lie inside the circle.
For pole at

z = 1

write
12z − 7

(z − 1)2(2z + 3)
=

ϕ(z)

(z − 1)2

where

ϕ(z) =
12z − 7

2z + 3

Using Cauchy’s formula for derivative,∮
C

ϕ(z)

(z − a)2
dz = 2πi ϕ′(a)

Now

ϕ′(z) =
12(2z + 3)− 2(12z − 7)

(2z + 3)2

=
50

(2z + 3)2

At
z = 1

ϕ′(1) =
50

25
= 2

13



Contribution from z = 1:

2πi(2) = 4πi

For simple pole at

z = −3

2

Residue:

Res = lim
z→−3/2

12z − 7

2(z − 1)2

=
−18− 7

2
(
−5

2

)2
= −2

Contribution:
2πi(−2) = −4πi

Total:
4πi− 4πi = 0

Hence,
0

14



Q69. Expand

f(z) =
z

(z − 1)(2− z)

in Laurent series valid for
(a)

|z − 1| > 1

(b)
0 < |z − 2| < 1

(AKTU 2023-24)
Solution:
First,

f(z) =
z

(z − 1)(2− z)

Using partial fractions,

z

(z − 1)(2− z)
=

1

z − 1
+

2

2− z

(a) For
|z − 1| > 1

Let
w = z − 1

Then
2− z = 1− w

Hence
2

2− z
=

2

1− w

For
|w| > 1

1

1− w
= − 1

w

(
1 +

1

w
+

1

w2
+ · · ·

)
Thus

f(z) =
1

w
− 2

w

(
1 +

1

w
+

1

w2
+ · · ·

)

15



f(z) = − 1

z − 1
− 2

(z − 1)2
− 2

(z − 1)3
− · · ·

(b) For
0 < |z − 2| < 1

Let
w = z − 2

Then
z = w + 2

z − 1 = w + 1

So

f(z) =
w + 2

(w + 1)(−w)

= − 1

w
+

1

w + 1

Now
1

w + 1
= 1− w + w2 − w3 + · · ·

Hence

f(z) = − 1

w
+ 1− w + w2 − · · ·

f(z) = − 1

z − 2
+ 1− (z − 2) + (z − 2)2 − · · ·
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